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Abstract 

In  the  previous  study  of  first  order  models  with  8  variables  to 
predict  fatigue  life  under  random  vibrations,  4  variables  showed  sig¬ 
nificant  effects.  In  this  report  both  first  and  second  order  models 
of  these  4  significant  variables  based  on  10,  18,  and  24  tests  are 
developed.  The  tables  of  analysis  of  variance,  and  of  predicted  lives 
together  with  their  residuals  and  95%  confidence  intervals  are  con¬ 
structed  for  each  of  the  first  and  second  order  models.  A  second  order 
model  of  4  significant  variables  consisting  of  14  terms,  based  on  24 
tests,  has  been  found  to  be  the  statistically  best  one.  The  deviations 
of  the  lives  predicted  by  this  model  range  from  -26.6%  to  20.4%  with  an 
average  of  5.5%  on  the  negative  side  and  7.0%  on  the  positive  side. 
These  results  are  in  contrast  with  those  which  are  obtained  by  the 


INTRODUCTION 


In  the  previous  report  [1]  it  was  noted  that  the  principle  of  linear 
damage  accumulation  based  on  equivalent  cycle  counting  gives  unreliable 
estimates  of  fatigue  life  under  random  vibrations  [2-11].  In  this  group 
of  selected  references  [2-11],  the  principle  of  linear  damage  accumula¬ 
tion  was  applied  and  the  fatigue  life  was  found  to  be  overestimated  by 
a  factor  ranging  from  -5.0  to  15.0  in  [2-9].  In  [10,11]  it  was  reported 
that  the  fatigue  life  was  overestimated  but  the  factor  of  overestimation 
was  not  given. 

A  new  history-dependent  stochastic  model  of  cumulative  damage  is 
being  developed  by  Bogdanoff  [12,13,14]  by  taking  a  comprehensive  view 
of  entire  failure  process  to  improve  the  predictive  accuracy.  Another 
phenomenological  approach  entirely  different  from  that  of  all  the 
cumulative  damage  approaches  mentioned  above  was  undertaken  in  the 
previous  study  [1]  to  develop  first  order  models  or  life  predicting 
equations.  In  this  approach  a  test  program  based  on  8  probabilistic 
parameters  and  experiment  design  was  conducted  in  3  designs.  The  first 
order  models  are  developed  for  each  design  and  the  four  variables  which 
showed  significant  effects  on  the  fatigue  life  are  considered  in  the 
present  report.  Both  the  first  order  and  second  order  models  of  the 
significant  variables  are  developed  for  the  same  three  designs  as  in 
[1].  From  a  comparison  of  all  the  models  considered  the  statistically 
best  one  is  singled  out. 

Considering  the  models  of  significant  variables  is  essential  in 
our  search  for  the  statistically  best  model.  The  other  models,  which 
consist  of  terms  of  any  combination  of  insignificant  variables  are 
inferior  because  the  number  of  degrees  of  freedom  of  regression 
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increases  with  a  negligible  increase  in  the  regression  sun  of  squares. 
Simultaneously,  the  confidence  intervals  are  widened  depending  upon  the 
number  of  degrees  of  freedom  added  to  regression.  Therefore  such  models 
need  not  be  considered. 

I.  EXPERIMENTS,  PARAMETERS,  DESIGNS  AND  MODELS 

The  mean,  variance,  duration  of  excursion  above  level,  and 

the  hand  width  were  found  to  be  4  significant  variables  on  the  basis 
of  the  analysis  in  the  previous  report  [1]  of  the  first  order  models 
of  all  8  variables.  In  the  present  report  these  4  variables  are  con¬ 
sidered  for  both  first  and  second  order  models.  In  addition,  a  model 
with  all  second  order  terms  of  significant  variables  and  first  order 
terms  of  all  8  variables  is  also  constructed.  All  these  models  are 
expected  to  improve  the  prediction  of  fatigue  life  under  random  vibra¬ 
tions  over  the  first  order  models  in  [1]. 

In  this  report  3  designs  which  were  used  in  [1]  will  be  con¬ 
sidered.  For  the  first  design,  a  full  factorial  design  consisting  of 
10  tests,  only  first  order  model  of  significant  variables  could  be  con¬ 
structed  because  a  minimum  of  15  tests  are  required  for  a  second  order 
model  baaed  on  4  variables.  For  the  second  design, a  central  composite 
design  of  18  tests  including  4  center  points,  first  order  and  second 
order  models  using  only  the  significant  variables  are  developed.  For 
the  third  design,  a  central  composit  design  of  24  tests  including  4 
center  points  and  6  replications,  three  models  are  developed.  The 
first  two  are  the  first  and  second  order  models  involving  the  four 
significant  variables  only  as  was  done  for  the  second  design.  The 
third  model  Involves  first  order  terms  of  all  8  variables  and  all  second 
order  terms  of  significant  variables.  A  minimum  of  19  tests  are 
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required  to  develop  this  model.  For  thiu  reason,  the  third  model  could 
not  be  developed  for  the  first  and  second  designs. 

For  each  of  these  three  designs  the  tables  of  analysis  of  variance, 
and  of  the  predicted  lives  together  with  residuals  and  95%  confidence 
intervals  are  constructed.  The  F— ratio  vas  computed  for  each  model  to 
check  if  the  model  is  acceptable.  The  confidence  intervals  are  computed 
from  the  standard  deviations  of  the  predicted  lives  and  the  t  values 
from  the  t -table  corresponding  to  the  degrees  of  freedom  of  the  residuals 
of  the  model.  The  distribution  of  residuals  was  studied  for  any  trend 
or  pattern  present.  In  case  of  any  trend  or  pattern  present  the  model 
was  considered  inadequate. 

Finally  a  comparison  of  all  models  is  made. 

II.  FULL  FACTORIAL  DESIGN  WITH  TWO  CENTER  POINTS 
1.  First  Order  Model  of  4  Significant  Variables 

A  first  order  model  is  obtained  using  the  first  ten  tests  of  the 
experiment  by  regressing  log  of  fatigue  life,  y,  on  the  coded  variables 
under  consideration.  These  10  tests  form  a  full  factorial  design  with 
2  center  points.  The  first  order  life  predicting  equation  is  obtained 
as 

9  -  5.87  -  0.094x^  -  0.782x2  -  Q.Q510x6  -  0.100x?  (1) 

The  analysis  of  variance  is  given  in  Table  1.  The  F-ratio  for  this 
equation  is  16.91  which  is  greater  than  the  corresponding  F  value  of 
5.19  from  F-table  with  4  and  5  degrees  of  freedom  at  95%  significance 
level.  So  the  regression  is  effective  and  the  model  is  acceptable. 

The  residual  sum  of  squares  is  0.3983  in  comparison  to  a  total  of 
5.788,  a  6.9%.  The  other  93.1%  of  the  total  is  due  to  regression. 


The  sum  of  squares  due  to  duration  of  excursion  above  e^.  level  Is 
fairly  low  in  comparison  to  sum  of  squares  due  to  other  3  variables. 

This  variable  will  be  considered  in  the  remaining  two  designs  based  on 
high  number  of  tests  in  order  to  further  investigate  its  individual 
effects  in  the  first  order  models ,  and  its  individual  and  interaction 
effects  in  the  second  order  models. 

Table  2  gives  the  lives  predicted  by  Eq.  (1)  together  with  their 
residuals  and  952  confidence  intervals.  All  the  actual  lives  fall 
within  the  predicted  confidence  intervals.  These  confidence  intervals 
are  wide  because  the  number  of  observations  is  relatively  small.  On 
the  basis  of  the  10  tests,  it  will  not  be  very  meaningful  to  draw  any 
conclusion  on  the  basis  of  the  distribution  of  residuals. 

2*  Second  Order  Model  of  4  Significant  Variables 

For  the  first  10  tests  only  the  first  order  model  could  be  developed 
for  this  design  because  the  number  of  tests  are  not  sufficient  to  develop 
the  second  order  model. 

III.  CENTRAL  COMPOSITE  DESIGN  WITH  FOUR  CENTER  POINTS 

This  design  consists  of  18  tests.  Two  life  predicting  equations, 
a  first  order  and  a  second  order,  are  obtained  for  this  design  which 
are  given  below. 

1.  First  order  model  of  4  Significant  Variables 

The  first  order  life  predicting  equation  is  obtained  as 

?  -  5.84  -  0.039x1  -  0.708x2  -  0.080x6  -  0.108x7  C2) 

The  analysis  of  variance  of  this  equation  is  given  in  Table  3.  The 
p-ratio  is  computed  to  be  33.86  with  4  and  13  degrees  of  freedom.  The 
corresponding  F  value  from  the  F-table  is  3.18  at  952  significance 
level.  The  comparison  of  the  two  F  values  shows  that  the  regression 


is  effective  and  Che  model  is  acceptable.  The  residual  sum  of  squares 
is  0.8568  in  comparison  to  a  total  of  9.7843,  a  8.8%.  The  other  91.2% 
of  the  total  is  due  to  regression.  The  sum  of  squares  contributed  due 


to  the  duration  of  excursion  above  level,  in  this  case  also,  is 

comparatively  low,  which  implies  that  this  variable  may  not  have  a 
significant  effect  on  the  fatigue  life.  In  order  to  verify  this  fact, 
this  variable  will  be  considered  for  the  analysis  of  24  tests  which 
is  described  in  the  third  design. 

The  predicted  lives  together  with  their  residuals  and  95  percent 
confidence  intervals  are  given  in  Table  4.  The  confidence  Intervals 
cover  all  the  actual  lives  of  the  tests  except  for  the  test  no.  4. 

The  lower  limit  of  the  confidence  interval  of  test  4  is  slightly  above 
its  actual  life.  That  the  residuals  appear  to  be  randomly  distributed 
indicates  that  this  model  is  adequate. 

2.  Second  Order  Model  of  4  Significant  Variables 

The  life  predicting  equation  involving  all  first  and  second  order 
terms  of  significant  variables  is  obtained  as 

9  -  6.24  -  0.255xx  -  2.15x2  +  O.OOOIX3  -  0.377x?  -  0.890xJ 

+  0.471x2  -  O.O225X3  "  °-260x7  +  !•  25x^2  +  0.254x^3 

+  0.128xjX7  -  1.39x2x5  1.28x2x7  -  0.270x5x7  C3) 

The  analysis  of  variance  of  this  equation  is  given  in  Table  5.  The 
F-ratio  was  computed  to  be  59.02  with  14  and  3  degrees  of  freedom.  The 
corresponding  F  value  from  the  F-table  is  8.71  at  95%  significance 
level.  The  comparison  of  two  F  values  indicates  that  the  regression 
is  effective  and  the  model  is  acceptable.  The  residual  sum  of  squares 
is  0.0353  in  comparison  to  a  total  of  9.7843,  a  1.4%.  The  other  99.6% 
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of  Che  toCal  is  due  Co  regression.  Observing  the  sum  of  squares  due  to 
each  individual  term,  it  is  obvious  that  for  the  first  order  terms  the 
mean,  variance  and  band  width  are  significant.  For  the  second  order 
terms,  the  product  of  mean  and  variance,  and  the  product  of  mean  and 
duration  of  excursion  above  level  are  significant.  The  individual 

effect  of  the  duration  of  excursion  above  level  is  found  to  be 

insignificant . 

The  predicted  lives  together  with  their  residuals  and  95%  confidence 
intervals  are  given  in  Table  6.  The  confidence  intervals  here  cover  the 
actual  fatigue  lives  of  all  tests  including  number  4.  The  reason  is 
that  the  confidence  intervals  are  fairly  wide  because  of  low  degrees  of 
freedom  associated  with  t.  The  residuals  are  fairly  random  and  are 
very  small  in  magnitude.  It  can  he  considered  a  very  good  model. 

IV.  CENTRAL  COMPOSITE  DESIGN  WITH  FOUR  CENTER  POINTS  AND  SIX  REPLICATIONS 

This  design  consists  of  24  tests  for  which  three  models  have  been 
developed.  The  first  two  are  the  first  and  second  order  models  involving 
significant  variables  only.  The  third  one  involves  first  order  terms 
of  all  8  variables  and  second  order  terms  of  significant  variables. 

These  models  are  described  below. 

1.  First  Order  Model  of  4  Significant  Variables 

The  first  order  life  predicting  equation  of  4  significant  variables 
is  obtained  as 

?  -  5.82  -  O.OSfeXj^  -  0.750x2  -  0.0595x6  -  0.0780xy  (4) 

The  analysis  of  variance  of  this  equation  is  given  in  Table  7.  The 
F-ratio  is  computed  to  be  46.5  with  4  and  19  degrees  of  freedom  which 
is  greater  than  the  corresponding  F  value  from  F-table  of  2.90  at  95% 
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significance  level.  This  comparison  of  two  F  values  indicates  that  the 
regression  is  effective  and  the  model  is  acceptable.  The  residual  sum 
of  squares  is  1.2165  in  comparison  to  a  total  of  13.1131,  a  10.3%.  The 
other  90.7%  of  the  total  is  due  to  regression.  The  sum  of  squares  due 
to  the  duration  of  excursion  above  level  is  very  low  in  comparison 

to  the  other  three  variables. 

The  predicted  lives  together  with  their  residuals  and  95%  confidence 
interval  of  this  equation  are  given  in  Table  8.  The  actual  fatigue  lives 
for  test  numbers  4,  13  and  17  fall  out  of  the  confidence  interval.  The 
confidence  intervals  are  fairly  narrow.  The  residuals  appear  to  be 
randomly  distributed. 

2.  Second  Order  Model  of  4  Significant  Variables 

The  second  order  life  predicting  equation  using  all  first  and 
second  order  terms  of  significant  variables  is  obtained  as 

y  -  6.23  +  0.185x1  -  1.88x2  +  0.002x6  -  0.310x?  -  0.773xJ 

+  0.373x2  -  0.0420x*  -  0.248x2  +  0.982x^2  +  0.236xxx6 

+  0.178XjXy  -  1.10x2Xg  +  1.16x2X2  -  0.267x^Xy  (5) 

The  analysis  of  variance  of  the  equation  above  is  given  in  Table  9.  The 
F-ratio  of  41.17  is  obtained  with  14  and  9  degrees  of  freedom.  The 
corresponding  F  value  from  the  F-table  of  2.90  at  95%  significance  level 
is  less  than  the  F-ratio  which  implies  that  the  regression  is  effective 
and  the  model  is  acceptable.  The  residual  sum  of  squares  is  0.2018  in 
comparison  to  a  total  of  13.1131,  a  1.5%.  The  other  98.5%  of  the  total 
ia  due  to  regression.  Even  though  the  duration  of  excursion  above 
level  and  its  square  are  insignificant,  its  interactions  with  mean  and 
band  width  are  not  insignificant. 
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The  predicted  life  together  with  their  residuals  and  95 %  confidence 
intervals  are  given  in  Table  10.  All  confidence  intervals  cover  the 
actual  fatigue  lives  of  all  tests  except  for  the  test  number  22  which 
is  0.7%  below  the  lower  level.  The  residuals  are  small  and  appear  to 
be  randomly  distributed.  The  plot  of  residuals  is  given  in  Fig.  1. 

3.  Second  Order  Model  Involving  First  Order  Terms  of  All  8  Variables 
and  Second  Order  Terms  of  4  Significant  Variables 
The  life  predicting  equation  of  this  model  is  obtained  as 
y  -  6.09  +  0.182XJ  -  1.81x2  +  0.0866x3  +  0.0711x4  +  0.172x5 

-  0.130x6  -  0.370x7  -  0.0487xg  -  0.572xJ  +  0.408x2 

-  0.0510Xg  -  0.144x7  +  0. 969x^2  +  0.194x^Xg  +  0.161x^x7 

-  1.15x2Xg  +  0.936x2Xy  -  0.226xgX7  (6) 

The  analysis  of  variance  of  the  above  equation  is  given  in  Table  11.  The 
F-ratio  of  21.34  with  18  and  5  degrees  of  freedom  is  obtained  for  the 
above  equation.  The  corresponding  F  value  from  the  F-table  at  95% 
significance  level  is  9.61  which  is  smaller  than  the  F-ratio.  Therefore, 
the  regression  is  effective  and  the  model  is  acceptable.  The  residual 
sum  of  squares  is  0.1685  in  comparison  to  a  total  of  13.1311,  a  1.4%. 

The  other  98.6%  of  the  total  is  due  to  regression. 

The  predicted  lives  together  with  their  residuals  and  95%  confidence 
intervals  are  given  in  Table  12.  The  residuals  for  all  tests  are  very 
small.  The  low  degrees  of  freedom  associated  with  t  makes  the  con¬ 
fidence  intervals  fairly  wide.  The  actual  lives  of  all  tests  fall 
within  the  predicted  confidence  intervals.  The  residuals  appear  to  be 
randomly  distributed. 
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On  Che  basis  of  the  analyses  of  variances  of  various  models  it  is 
worth  remarking  Chat  the  duration  of  excursion  above  level  has  an 

insignificant  effect  as  an  individual  variable  but  its  interactions  with 
the  other  variables  is  not  insignificant.  It  may  also  be  observed  that 
lower  limit  of  confidence  interval  gives  the  safe  estimate  of  fatigue 
life. 

V.  DISCUSSIONS  AND  CONCLUSIONS 

On  the  basis  of  the  first  order  models  obtained  in  [1],  the  best 
predicted  lives  and  the  lowest  residual  sum  of  squares  are  obtained  for 
the  model  with  all  8  variables.  It  is  also  found  that  there  are  only 
4  variables  which  have  significant  effects  on  the  fatigue  life.  These 
4  variables  are  mean,  variance,  duration  of  excursion  above  £f  level, 
and  the  band  width.  In  the  present  report,  both  first  and  second  order 
models  involving  significant  variables  have  been  investigated. 

In  a  comparative  study  of  all  6  models  investigated  in  this  report 
and  the  best  model  of  [1]  as  shown  in  Table  13,  the  second  order  model 
represented  by  equation  (6)  gives  the  best  predicted  lives  and  lowest 
residual  sum  of  squares.  From  the  analysis  of  this  model  it  is  observed 
that  there  are  several  terms  which  contribute  a  very  small  sum  of  squares 
to  the  regression.  In  the  meantime  they  add  one  degree  of  freedom  each 
to  the  regression.  This  leaves  a  less  number  of  degrees  of  freedom 
associated  with  t  which  makes  the  95%  confidence  intervals  fairly 
wide.  The  residuals  are  very  small  because  the  number  of  variables 
regressed  in  this  equation  is  relatively  large  considering  the  number 


of  tests  available 
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The  second  order  model  represented  by  equation  (5)  has  4  terms  less 
than  those  of  the  model  represented  by  equation  (6)  but  the  change  in 
the  residual  sum  of  squares  is  nominal  as  shown  in  Table  13.  The 
predicted  lives  of  equation  (5)  are  also  very  close  to  actual  lives. 
However,  the  confidence  intervals  are  on  an  average  36.2%  narrower  than 
those  of  equation  (6)  as  shown  in  Table  14. 

Based  on  the  overall  consideration  of  the  accuracy  of  the  life 
prediction,  residual  sum  of  squares  and  the  width  of  the  confidence 
interval  it  may  be  concluded  that  the  model  of  equation  (5)  is  statisti¬ 
cally  better  than  the  model  of  equation  (6). 

VI.  SUMMARY 

Cl)  On  the  basis  of  analysis  of  first  order  models  presented  in 
II],  4  variables  showed  significant  effects  on  the  fatigue  life  under 
random  vibrations.  These  variables  have  been  considered  for  further 
developing  first  and  second  order  models  in  the  present  study. 

(2)  The  first  and  second  order  models  of  significant  variables 
have  been  developed  separately  for  each  of  the  three  designs.  In 
addition,  one  model  involving  first  order  terms  of  all  8  variables  and 
second  order  terms  of  4  significant  variables  is  also  obtained. 

C3)  For  each  model  the  analysis  of  variance  and  predicted  lives 
together  with  residuals  and  95  percent  confidence  intervals  are  obtained. 

(4)  Among  the  first  order  models  in  the  present  and  the  previous 
report  [1] ,  the  best  first  order  model  is  found  to  be  the  one  which 
consists  of  all  8  variables  based  on  24  tests  as  it  should  be. 

(5)  Among  all  the  second  order  models  investigated  in  the  present 
report  and  the  best  first  order  model,  a  second  order  model  of  signifi¬ 
cant  variables  is  found  to  be  the  statistically  best  one. 
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Table  1.  Analysis  of  Variance  of  10  Tests 

First  Order  Model  of  4  Significant  Variables 
Life  predicting  equation: 

y  »  5.87  -  0.094x1  -  0.782x2  -  0.05ix6  -  Q.100x? 


Source 

Sum  of 
Squares 

Degrees  of 
Freedom 

Mean 

Square 

F-Ratio 

Due  to  Mean 

0.3337 

1 

0.3337 

Due  to  Variance 

Due  to  Duration  of 

4.8717 

1 

4.8717 

Excursion  Above  ef 
Level 

0.0206 

1 

0.0206 

Due  to  Band  Width 

0.1645 

1 

0.1645 

Due  to  Regression 

5.3905 

4 

1.3476 

Residuals 

0.3983 

5 

0.0797 

16.91 

Total 

5.7888 

9 

F-ratio  is  greater  than  the  table  value  of  5.19  with  4  and  5  degrees  ‘ 
of  freedom  at  95%  significance  level.  So  the  regression  is  effective  j 
and  the  model  is  accepted.  j 

1 


id 


J 


I 


I 
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Table  3*  Analysis  of  Variance  of  18  Tests 

First  Order  Model  of  4  Significant  Variables 
Life  predicting  equation: 

y  -  5.84  -  0.039xx  -  0.708x2  -  0.080x6  -  0.108x? 


Sum  of 

Degrees  of 

Mean 

F-Ratio 

Squares 

Freedom 

Square 

Due  to  Mean 

0.1212 

1 

0.1212 

Due  to  Variance 

Due  to  Duration  of 

8.4720 

1 

8.4720 

Excursion  Above  ef 
Level 

0.0398 

1 

0.0398 

Due  to  Band  Width 

0.2945 

1 

0.2945 

Due  to  Regression 

8.9276 

4 

2.2319 

Residuals 

0.8568 

13 

0.0659 

33.86 

Total 

9.7843 

17 

F-ratio  is  greater  than  the  table  value  of  3.18  with  4  and  13  degrees 
of  freedom  at  95%  significance  level.  So  the  regression  is  effective 
and  the  model  is  accepted. 


Table  4.  Results  of  18  Tests,  First  Order  Model  of  4  Significant  Variables 
Life  predicting  equation: 
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Table  5.  Analysis  of  Variance  of  18  Tests 

Second  Order  Model  of  4  Significant  Variable 
Life  predicting  equation: 

9  -  6.24  -  O.ZSSXj^  -  2.15x2  +  0.0001x6  -  0.337x? 

-  0.890xJ  +  0.471x2  -  0.0225xJ:  -  0.260X* 

+  1.25XjX2  +  0.254xjXg  +  0.128x^Xy  -  1.39x2x^ 

+  1.28x2x2  -  0.270xgXy 


Source 

Sum  of 
Squares 

Degrees  of 
Freedom 

Mean 

Squares 

F-Ratio 

Due  to  Mean 

0.1212 

1 

0.1212 

Due  to  Variance 

Due  to  Duration  of  Excur- 

8.4720 

1 

8.4720 

sion  Above  Level 

0.0398 

1 

0.0398 

Due  to  Band  Width 

0.2945 

1 

0.2945 

Due  to  Mean  Square 

0.0653 

1 

0.0653 

Due  to  Variance  Square 

0.0251 

1 

0.0251 

Due  to  Duration  of  Excur¬ 


sion  Above  ef  Level 

0- _ _  * 


Square 

0.0666 

1 

0.0666 

Due  to  Band  Width  Square 

0.0115 

1 

0.0115 

Due  to  Mean  *  Variance 

0.1948 

1 

0.1948 

Due  to  Mean  *  Duration  of 


Excursion  Above  e. 

t _ 1 


Level 

0.4194 

1 

0.4194 

Due  to  Mean  *  Band  Width 

0.0006 

1 

0.0006 

Due  to  Variance  *  Band 

Width 

0.0030 

1 

0.0030 

Due  to  Variance  *  Dura¬ 

tion  of  Excursion 

0.0070 

1 

0.0070 

Due  to  Duration  of  Excur¬ 

sion  Above  ef  Level  * 

Band  Width  1 

0.0281 

1 

0.0281 

Due  to  Regression 

9.7490 

14 

0.6964 

Residuals 

0.0353 

3 

0.0118 

Total 

9.7843 

F-ratio  is  greater  than  the  table  value  8.71  with  14  and  3  degrees  of 
freedoa  at  95Z  significance  level.  So  the  regression  is  effective  and 
the  nodal  is  accepted. 


Table  6.  Results  of  18  Tests,  Second  Order  Model  of  4  Significant  Variables 
Life  predicting  equation: 
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Table  ^ 


Analysis  of  Variance  of  24  Tests 

First  Order  Model  of  4  Significant  Variables 

Life  predicting  equation: 


y  -  5.82 

-  0.0656x1  - 

0.750x2  -  0. 

,0595x6  -  0.0780x? 

Source 

Sum  of 

Degrees  of 

Mean  F-Ratio 

Squares 

Freedom 

Squares 

Due  to  Mean 

0.1172 

1 

0.1172 

Due  to  Variance 

11.5157 

1 

11.5157 

Due  to  Duration  of 

Excursion  Above  e. 

0.0305 

1 

0.0305 

Due  to  Band  Width 

0.2331 

1 

0.2331 

Due  to  Regression 

11.8966 

4 

2.9742 

Residuals 

1.2165 

19 

0.0640  46.57 

Total 

13.1131 

F-ratio  is  greater  than  the  table  value  2.90  vith  4  and  19  degrees 
of  freedom  at  95Z  significance  level.  So  the  regression  is  effective 
and  the  model  is  accepted. 
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Table  9.  Analysis  of  Variance  of  24  Tests 

Second  Order  Model  of  4  Significant  Variables 
Life  predicting  equation: 

y  =  6.23  +  O.^x-j^  -  1.88x2  +  0.0002x6  -  0.310x? 

-  0.773xJ  +  0.373x2  -  0.042xj?  -  0.2h8x2  +  0.982x^2 

+  0.236x,x,  +  0.178x,x,  -  1.10x~x,  -  1.116x„x_, 
x  o  1/  i  o  Z  / 

-  0.267xgX^ 


Source 

Sum  of 
Squares 

Degrees  of 
Freedom 

Mean 

Squares 

F -Ratio 

Due  to  Mean 

0.1172 

1 

0.1172 

Due  to  Variance 

Due  to  Duration  of  Excur- 

11.5157 

1 

11.5157 

sion  Above  £f  Level 

0.0305 

1 

0.0305 

Due  to  Band  Width 

0.2331 

1 

0.2331 

Due  to  Mean  Square 

0.0633 

1 

0.0633 

Due  to  Variance  Square 

0.0240 

1 

0.0240 

Due  to  Duration  of  Excur¬ 


sion  Above  Level 


Square 

0.0004 

1 

0.0004 

Due  to  Band  Width  Square 

0.0025 

1 

0.0025 

Due  to  Mean  *  Variance 

0.1252 

1 

0.1252 

Due  to  Mean  *  Duration  of 


Excursion  Above  e 


Level 

0.5617 

1 

0.5617 

Due  to  Mean  *  Band  Width  0.0013 

Due  to  Variance  *  Duration 

1 

0.0013 

of  Excursion  Above  e. 

Level 

0.0200 

1 

0.0200 

Due  to  Variance  *  Band 

Width 

0.1084 

1 

0.1084 

Due  to  Band  Width  * 

Duration  of  Excursion 

Above 

0.1078 

1 

0.1078 

Due  to  Regression 

12.9113 

14 

0.9222 

Residuals 

0.2018 

9 

0.0224 

Total 

13.1131 

23 

F-ratio  is  greater  than  the  table  value  2.90  with  14  and  9  degrees  of 
freedom  at  95%  significance  level.  So  the  regression  is  effecitve  and 
the  model  is  accepted. 


Table  10.  Results  of  24  Tests,  Second  Order  Model  of  4  Significant  Variables.  Life  predicting  equation: 
y  -  6.23  +  0.185x1  -  1.88*2  +  0.0002x6  -  0.310x?  -  0.773xJ  +  0.373x2  -  0.0420x* 

-  0.248xy  +  0.982x^X2  +  0.238x2*^  +  O.^Sx^x^  -  I.IOxjX^  +  I.I6X2X7  -  0.267xgXj 
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Table  11*  Analysis  of  Variance  of  24  Tests 

Second  Order  Model  of  All  8  Variables 
Life  predicting  equation: 

y  =  6.09  +  -  1.81x2  +  0.087x3  +  0.071x4 

+  0.172xc  -  0.130x,  -  0. 370x,  -  0.049xQ 

5  o  /  a 

-  0.572x5  +  0.408x5  -  0.051x5  -  0.144x5 

±  Z  O  / 

+  0.969x.x»  +  0.194x.x,  +  0.161X.X.,  -  1.15x0X£ 
12  16  17  26 

+  0.936 x2Xy  -  0.226x^x2 


Source 

Sum  of 
Squares 

Degrees  of 
Freedom 

Mean  „  D 
„  F-Ratio 

Squares 

Due  to  Mean 

0.1172 

1 

0.1172 

Due  to  Variance 

11.5157 

1 

11.5157 

Due  to  Zero  Upcrossings 

0.0021 

1 

0.0021 

Due  to  Level  Upcrossings 

0.0708 

1 

0.0708 

Due  to  Duration  of  Excursion  Above 

Zero 

0.0554 

1 

0.0554 

Due  to  Duration  of  Excursion 

Above  e. 

0.0041 

1 

0.0041 

Due  to  Band  Width 

0.6993 

1 

0.6993 

Due  to  Average  Amplitude  Above  ef 

0.0015 

1 

0.0015 

Due  to  Mean  Square 

0.0009 

1 

0.0009 

Due  to  Variance  Square 

0.0417 

1 

0.0417 

Due  to  Duration  of  Excursion 

Above  ef  Square 

0.0286 

1 

0.0286 

Due  to  Band  Width  Square 

0.0427 

1 

0.0427 

Due  to  Mean  *  Variance 

0.0047 

1 

0.0047 

Due  to  Mean  *  Duration  of 

Excursion  Above  e. 

0.0927 

1 

0.0927 

Due  to  Mean  *  Band  Width 

0.0223 

1 

0.0223 

Due  to  Variance  *  Duration  of 

Excursion  Above 

0.1095 

1 

0.1095 

Due  to  Variance  *  Band  Width 

0.0873 

1 

0.0873 

Due  to  Band  Width  *  Duration  of 

Excursion  Above 

0.0480 

1 

0.0480 

Due  to  Regression 

12.9446 

18 

0.7191 

Residuals 

0.1685 

5 

0.0337  21.34 

Total 

13.1311 

23 

F-ratio  is  greater  than  the  table  value  9.61  with  18  and  5  degrees  of 
freedom  at  95%  significance  level.  So  the  regression  is  effective  and 
the  model  is  accepted. 


Table  12.  Results  of  24  Tests,  Second  Order  Model  of  All  8  Variables.  Life  predicting  equation: 

y  =  6.09  +  0.182x,  -  1.81x2  +  0.087xo  +  0.071x,  +  0.172xc  -  0.130x£  -  0.370x„  -  0.049x, 
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Table  13  Comparison  of  Percent  Deviations  of  Predicted  Lives 
and  Residual  Sum  of  Squares  for  Seven  Models 


Test 

No. 

Actual 
Life  T 

Percent  Deviations  of 

Predicted  Lives 

Eq(l) 

Eq(2) 

Eq(3) 

Eq(4) 

Eq(5) 

Eq(6)  Eq(6)  of  [1] 

1 

1363.43 

3.7 

9.3 

-2.6 

14.8 

-2.1 

-1.3 

15.9 

2 

938.83 

11.9 

18.3 

-4.4 

15.7 

-3.9 

5.8 

14.6 

3 

165.08 

-25.6 

-11.1 

1.5 

-5.8 

0.2 

5.2 

-23.1 

4 

391.97 

-44.5 

-41.7 

-9.5 

-47.4 

-0.8 

3.4 

-59.7 

5 

156.20 

-12.7 

-15.0 

0.1 

-1.2 

1.7 

0.9 

-1.4 

6 

160.83 

24.7 

16.8 

-0.1 

21.5 

-1.3 

9.5 

20.8 

7 

1011.42 

16.7 

15.4 

-2.5 

19.3 

-3.6 

-4.4 

19.8 

8 

259.08 

11.6 

9.4 

3.1 

20.2 

20.4 

15.6 

24.1 

9 

347.50 

-7.2 

-9.0 

-1.5 

-3.7 

-1.7 

5.1 

-10.4 

10 

370.23 

9.3 

14.7 

4.6 

14.3 

5.0 

1.7 

16.2 

11 

346.00 

-4.7 

-6.7 

-0.4 

-6.6 

-4.2 

-2.7 

12 

371.00 

-0.2 

0.3 

5.1 

0.9 

-0.3 

8.4 

13 

467.82 

24.4 

5.0 

30.0 

0.9 

8.2 

20.2 

14 

407.33 

3.1 

-0.5 

2.5 

-17.0 

-11.2 

6.3 

15 

98.67 

6.2 

-4.3 

15.9 

-3.0 

0.2 

15.5 

16 

1327.33 

-2.0 

8.7 

-4.9 

8.1 

8.6 

3.7 

17 

189.08 

-95.0 

1.6 

-83.5 

0.3 

-0.3 

6.8 

18 

273.67 

12.4 

5.4 

10.9 

8.3 

11.4 

16.3 

19 

430.00 

12.6 

16.4 

12.6 

4.3 

20 

152.17 

-4.8 

-2.6 

-0.4 

-2.4 

21 

127.00 

-2.7 

-1.8 

1.6 

-7.8 

22 

137.42 

-54.6 

-26.6 

-24.9 

-55.9 

23 

484.42 

-14.7 

8.2 

-7.0 

-20.7 

24 

136.75 

-25.7 

-0.6 

0.4 

-25.7 

Average  Deviations 


Negative  side 
Positive  side 

22.5 

13.0 

22.3 

13.0 

3.6 

3.4 

20.8 

15.2 

Residuals 

5.3 

6.8 

6.0 

6.0 

17.4 

16.0 

Percent  residual 
sum  of  squares 
of  the  total 

17.0 

8.8 

0.4 

9.3 

1.5 

1.3 

7.3 

Table  14  Comparison  of  Widths  of  the  Confidence  Intervals  for  TVo  Models 


wr 


27 


o 

o 

4J 

© 

3 

rH 

« 

a 

VO 

OV 

© 

© 

rH 

© 

© 

00 

v© 

vO 

sr  cm 

vO 

© 

rH 

Ov 

un 

SO 

00 

un 

vO 

4J 

«H 

CM 

o 

un 

00 

sT 

CM 

rH 

CM 

CM 

rH 

on 

ov  on 

rH 

o 

© 

un 

CM 

un 

un 

o 

ov 

O' 

c 

lA 

VO 

a 

VO  VO 

vO 

SO 

un 

vO 

<r 

un 

45 

un 

VO  so 

A 

A* 

A 

on 

vO 

vo 

vO 

m 

un 

© 

/■s 

/"S 

0 

►j 

iJ 

u 

i 

l 

V  9 

9 

a,  w  | 

w 

s 

iA 

o 

rH 

ST 

on 

on 

Ov 

CM 

rH 

A* 

>3- 

vO 

fH  CM 

rH 

CM 

un 

CO 

o 

o 

oc 

sr 

00 

vO 

<U 

Q.  *■ 

vO 

NO 

a 

oo 

on 

Ov 

Os 

© 

sjO 

oo 

© 

a 

CM  OV 

A- 

CM 

un 

rH 

on 

on 

CM 

iH 

sr 

00 

00 

on 

on 

un 

>T 

*3*  CM 

o 

vO 

vO 

un 

sr  o 

A* 

o 

a 

o 

*H 

sr 

CM 

iH 

iA 

£1 

© 

un 

sr 

a 

in 

vO 

CM 

© 

a 

00 

on 

a» 

Mf 

r-i 

o 

A 

-T 

un 

00 

*a 

un 

fH 

rH 

un 

CM 

un 

CM 

CM 

vO 

on 

lA 

un  <r 

un 

vO  VO 

rH 

00 

on 

on 

tA 

CM 

rH 

CM 

A 

CM 

•r 

1 

CM 

*H 

»H 

rH 

-j 

** 

© 

-J 

00 

ON 

00 

00 

un 

on 

on 

CM 

45 

rH 

on 

vO 

(N  m 

00 

un 

CO 

Os 

A 

CM 

A 

<r 

A 

CM 

u 

$ 

>  *■ 

A- 

o> 

so 

vO 

sr 

on 

O  vO 

on 

00 

00  OV 

vO 

©  © 

OV 

OO 

on 

vO 

m 

Os 

d 

Ov 

CM 

o 

vO 

a 

tH 

Ov 

00 

a 

Os 

on 

ov 

on  un 

un 

on 

ov 

CM 

o 

-T 

un 

A 

sO 

un 

o 

0  1- 

vO 

on 

o 

00 

Ov  cm 

so  <r 

f-l  <N 

vO 

A* 

a*  o 

SO 

»H 

rH 

un 

vD 

o 

00 

rH 

un 

CO 

•H 

►J  E 

1 

00 

<o 

fH 

CM 

rH 

sO 

rH 

CM 

CM 

CM 

CM 

cm  on 

00 

rH 

CM 

rH 

fH 

cn 

4-3 

1 

CO 

3 

O' 

WJ 

*0 

a> 

o 

a 

Q\ 

un 

00 

OV 

un 

un 

sf  sr 

00 

<r 

vo  un 

OV  00 

CM 

© 

00 

00 

vO 

sr 

cn 

oo 

4->  H 

V0 

CM 

sr 

a 

o 

a 

un 

©  O'  © 

o 

©  © 

■O’ 

»H 

VO 

un 

A 

00 

Os 

A 

un 

rH 

rH 

on  vo 

un 

sr 

sO 

un  oo 

Ov 

on 

o 

CM 

ov  on 

00 

on 

Ov  CM 

un 

CM 

•H 

CO 

VO 

■o  <u 

00 

O' 

lA  O 

un 

a 

un 

rH 

CM 

vO 

vO 

A*- 

cm  un 

Ov 

oo  sr 

A 

vO 

CM 

A 

rH 

cn 

a»  © 

cn 

ON 

iH  ^ 

iH 

tH 

o 

CM 

on 

on 

on 

on 

sr  sr 

CM 

rH  CM 

on 

rH 

rH 

tH 

un 

rH 

t-  H 

iH 

a 

04  -J 

rH 

■U 

£ 

SO 

00 

a\  CM 

un 

fH 

8 

a 

0* 

rH 

v© 

un 

CM 

oo  on 

o 

un 

CM 

on 

oo 

CM 

oo 

OV 

un 

00 

<u 

CX  X 

"I® 

00 

ov 

A 

fH  vO 

un  cm 

oo 

un 

r-  o' 

rH 

CM 

00 

CM 

O' 

vo 

cn  oo 

o 

rH 

© 

on 

o 

rH 

on 

a 

ST 

so  un  on 

CM 

fH  un 

m 

rH 

on 

oo 

on 

CM 

'T 

cn 

un 

o 

£1 

cn 

O 

rH 

o 

fH 

o 

un 

rH 

un 

sr 

sr 

©  o 

on 

CM 

© 

CM 

© 

rH 

© 

rH 

un 

OV 

a> 

on 

CM 

un 

<N 

CM 

Mr 

CM 

sr 

-» 

<r 

©  © 

fH 

vO 

CM 

on 

-3- 

CM 

fH 

cn 

vO 

fH 

•r 

rH 

rH 

rH 

rH 

r- 

^■s 

un 

tJ 

© 

© 

Ov 

cn 

vO 

O 

Os 

00 

© 

CM 

00 

A- 

On  rH 

O 

Ov 

Ov 

oo 

A 

vO 

Ov 

un  oo 

sr 

H 

a) 

5  *■ 

CM 

© 

o 

un 

on 

un 

O  -S’ 

A- 

00 

CM 

CO 

A-  rH 

00 

un 

oo 

o 

in  <r 

© 

un 

g 

CM 

00 

a 

iH 

rH 

o 

OV 

on 

A- 

rH 

v© 

un 

on  un 

VO 

vO 

vO 

o 

00 

rH 

00 

Os 

Ov 

O 

5  h 

O 

CM 

tH 

<n 

on 

a 

O' 

A- 

o 

o 

CM  A* 

A% 

on 

un 

00 

rH 

o 

CO  rS 

Ov 

•H 

►J  E 

o 

A* 

rH 

on 

rH 

rH 

00 

CM 

CM 

on 

on 

on  on 

OV 

CM 

CM 

rH 

rS  <r 

4J 

rH 

ce 

3 

H 

0 

w 

•3 

a>  , 

rH 

un 

on 

un 

un  oo 

on 

on 

oo 

»-l  © 

cm  un 

o  © 

CM 

ov 

O 

00 

ao 

OV 

A 

un 

4J  H 

on 

un  oo  o 

un 

ao 

on  o 

un 

A- 

A 

A* 

A* 

© 

CM 

vo  oo 

© 

rH 

CM 

ov  CM 

un 

•H 

rH 

un 

sr 

un 

on 

CM 

a 

s© 

<n 

rH 

00 

a 

rH  VO 

rH 

OV 

OV 

© 

Ov 

vO 

Ov 

co  sr 

A 

■o  <u 

av 

A- 

© 

Ov 

un 

vO 

<r 

o 

un 

un 

SO 

8 

sr  a* 

o 

fH 

CO 

lA 

un 

un 

CM 

A 

CM 

cn 

a)  4-1 

on 

Ov 

»H 

on 

rH 

rH 

O  CM 

on  on  on 

<r  ^ 

rH 

Csl 

fH  CM 

on 

rH 

rH 

rH 

in 

M  T* 

04  iJ 

H 

rH 

rH 

on 

on 

00 

A- 

o 

on 

CM 

00 

©  © 

© 

on  ca 

A* 

on  00  A. 

o 

A 

o 

CM 

CM 

un 

1  H 

ao 

o 

O' 

CM 

oo  «*■ 

o 

un  cm 

o 

o 

oo  ro 

© 

on  o  vo 

o 

rH 

o 

sr 

A 

8 

on 

8 

un 

rH 

v© 

o 

rH 

ov 

a 

© 

sO 

rH 

a* 

00 

OV 

on 

s 

A 

A 

A 

sr 

sO 

3  at 

8 

V© 

On 

un 

vO 

fH 

u-l 

•o 

a 

8 

A- 

©  ©  O'  <VI 

OO 

A 

un 

CM 

cn 

00 

cn 

4 

J  44 

O' 

rH 

on 

rH 

rH 

o 

CM 

on 

on 

on 

on 

CM 

sr 

rH 

' 

J  •* 

fH 

tH 

<  j 

1 


Average:  63.8% 


0.25 


l  llllI  m  1 1 1 1 1 1 1 1 1 1 1 1  n  1 1 1 1 1 1 1 1 1  n  1 1 1  i  1 1 1 1  l  I  1 1 1  1 1 H 

OwOioowomo 

<M  -  x  °  o  o  -  -  cm 

oo®ooo°Oo 

III! 

ivnaisau 


0.25 


wan* 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  rWhwi  Do la  Entered) 


REPORT  DOCUMENTATION  PAGE 


f  >  '  Experimental  Random  Fatigue  in  Elastic  ; 
°  Range  -  Models  of  Significant  Variables  •' 


READ  INSTRUCTIONS 
ORE  COMPLETING  FORM 


1978-1979^ 


C  PERFORMING  ORG.  REPORT  NUMBER 


7.  author^; 


s.  contract  or  grant  number^*; 


^ j  q  \  T.  C.  Huang  amd  Vinod  K.y^Nagpal 


i£, 


N00^fl4- 76-C-0825 


*.  PERFORMING  ORGANIZATION  NAME  AND  ADDRESS 

Department  of  Engineering  Mechanics 
University  of  Wisconsin 
Madison,  Wisconsin  53706  ^ 


10.  PROGRAM  ELEMENT.  PROJECT.  TASK 
AREA  •  WORK  UNIT  NUMBERS 

NR064-576 


II.  CONTROLLING  OFFICE  NAME  AND  ADDRESS 

Office  of  Naval  Research 
Department  of  the  Navy 
Arlington,  Virginia  22217 


J-L 

II-  MU 


RT  PATE 


Ju 


79 


"7 


T>F  PAGES  ' 
28 


14.  MONITORING  AGENCY  name  a  ADORESSfl/  ditto  rent  Iron  Controlling  OH! co) 

Office  of  Naval  Researct 
Chicago  Branch  Office 
536  S.  Clark  St. 

Chicago,  Illinois  60605 


15.  SECURITY  CLASS,  (ol  Mo  report) 

Unclassified 


1  Sa.  DECL  ASSl  FIC  ATI  ON/  DOWN  GR  ADING 
SCHEDULE 


IS.  DISTRIBUTION  STATEMENT  (ol  Mo  Roport) 


Unlimited 


17.  DISTRIBUTION  STATEMENT  (ol  iho  obotroct  ontorod  In  Block  20,  II  Mlloronl  Irom  Roport ) 


IS.  SUPPLEMENTARY  NOTES 


IS.  KEY  WOROS  (Continue  on  rororto  oldo  It  nocoooory  ond  Identity  by  block  numbor) 

Random  Fatigue 

Random  Fatigue  in  Elastic  Range 
Fatigue  under  multi-probablistlc-factors 


AMT  A  ACT  (Continue  on  tovorcc  •  idc  it  nccoccmry  m  d  Identity  by  block  mmbot) 

In  the  previous  study  of  first  order  models  with  8  response  variables  to 
predict  fatigue  life  in  elastic  range  under  random  vibrations,  4  variables 
showed  significant  effects.  In  this  part  of  the  research  both  first  and 
second  order  models  of  these  4  significant  variables  based  on  10,  18,  and 
24  tests  are  developed.  The  tables  of  analysis  of  variance,  and  of  pre¬ 
dicted  lives  together  with  their  residuals  and  95%  confidence  intervals 
are  constructed  for  each  of  the  first  and  second  order  models. 
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